Abstract. In this paper, we obtain an explicit formula for the Chern character of a locally abelian parabolic bundle in terms of its constituent bundles. Several features and variants of parabolic structures are discussed. Parabolic bundles arising from logarithmic connections form an important class of examples. As an application, we consider the situation when the local monodromies are semi-simple and are of finite order at infinity. In this case the parabolic Chern classes of the associated locally abelian parabolic bundle are deduced to be zero in the rational Deligne cohomology in degrees ≥ 2.
Introduction
Parabolic bundles were introduced by Mehta and Seshadri [Me-Se] [Se] over curves and the definition was extended over higher dimensional varieties by Maruyama and Yokogawa [Ma-Yo] , Biswas [Bi] , Li [Li] , Steer-Wren [Sr-Wr] , Panov [Pa] and Mochizuki [Mo2] . A parabolic bundle F on a variety X is a collection of vector bundles F α , indexed by a set of weights, i.e., α runs over a multi-indexing set This work is a sequel to [Iy-Si] , which in turn was motivated by Reznikov's work on characteristic classes of flat bundles [Re] , [Re2] . As a long-range goal we would like to approach the Esnault conjecture [Es2] that the Chern classes of Deligne canonical extensions of motivic flat bundles vanish in the rational Chow groups. Reznikov's work shows the vanishing of an important piece of these classes, over the subset of definition of a flat bundle. We think that it should be possible to define secondary classes over a completed variety for flat connections which are quasi-unipotent at infinity, and to extend Reznikov's results to this case. At the end of this paper we treat a first and essentially easy case, when the monodromy transformations at infinity have finite order. We hope to treat the general case in the future and regain an understanding of characteristic classes such as Sasha Reznikov had.
A different method for obtaining a very partial result on the Esnault conjecture, removing a hypothesis from the GRR formula of Esnault-Viehweg , was done in 0 Mathematics Classification Number: 14C25, 14D05, 14D20, 14D21 0 Keywords: Logarithmic Connections, Chow groups, parabolic bundles. [Iy-Si] . There we used a definition of the Chern character obtained from the correspondence between locally abelian parabolic bundles and usual vector bundles on a particular Deligne-Mumford stack denoted by Z m = X D 1 n , . . . , Dm n (see [Bo] , §2.3] , [Cad] , [Ma-Ol] , [Me-Se] , [Bd] , [Bi] ). The Chern character of F is defined to be the Chern character of the corresponding vector bundle on this stack. This was sufficient for our application in [Iy-Si] , however it is clearly unsatisfactory to have only an abstract definition rather than a formula.
The aim of this note is to give an explicit formula for the Chern character in terms of the Chern character of the constituent bundles F α and the divisor components D i in the rational Chow groups of X. This procedure, using a DM stack to define the Chern character and then giving a computation, was first done for the parabolic degree by Borne in [Bo] , however his techniques are different from ours. The parabolic aspect of the problem of extending characteristic classes for bundles from an open variety to its completion should in the future form a small part of a generalization of Reznikov's work and we hope the present paper can contribute in that direction.
With our fixed denominator n, introduce the notation [a 1 , . . . , a m ] := ( a 1 n , . . . , a m n )
for multi-indices, so the parabolic structure is determined by the bundles F [a 1 ,...,am] for 0 ≤ a i < n with a i integers.
We prove the following statement.
Theorem 1.1. Suppose F is a locally abelian parabolic bundle on X with respect to D 1 , ..., D m , with n as the denominator. Then we have the following formula for the Chern character of F :
(1) ch(F ) = .
In other words, the Chern character of F is the weighted average of the Chern characters of the component bundles, with weights e
The proof is by showing that the parabolic bundle obtained by twisting F by a direct sum of line bundles involving D i is componentwise isomorphic to a direct sum of the constituent bundles F [a 1 ,...,am] twisted by parabolic line bundles involving D i (see Corollary 5.7). The proof is concluded by proving the main theorem on the invariance of the Chern character under componentwise Chow isomorphism (see Theorem 2.9). It says: given locally abelian parabolic bundles F and G whose constituent bundles F [a 1 ,...,am] and G [a 1 ,...,am] have the same Chern character, for all a i with 0 ≤ a i < n, then F and G also have the same Chern character in the rational Chow groups of X.
We also give variants of the Chern character formula. One can associate a parabolic structure F to a vector bundle E on X and given filtrations on the restriction of E on the divisor components of D (see §2, §6). If X is a surface this is automatically locally abelian, but in higher dimensions it is not always the case (see Lemma 2.3). When the structure is locally abelian, we obtain a formula for ch(F ) which involves ch(E) and terms under the Gysin maps on the multiple intersections of the divisor components of D (see Corollary 7.4 and Corollary 7.5). The shape of the formula depends on the way the filtrations intersect on the multiple intersections of the divisor components.
In §6 we give two easy counterexamples which show that the Chern character of a parabolic bundle cannot be obtained easily from just the Chern character of the underlying bundle and that of its filtrations taken separately, nor from the data of a filtration of subsheaves indexed by a single parameter for the whole divisor (Maruyama-Yokogawa's original definition [Ma-Yo] ). These show that in order to obtain a good formula we should consider all of the bundles F [a 1 ,...,am] . This version of parabolic structure was first introduced by Li [Li] , Steer-Wren [Sr-Wr] and Mochizuki [Mo2] .
We treat parabolic bundles with real weights in §8. The aim is to define pullback of a locally abelian parabolic bundle as a locally abelian parabolic bundle. This is done by approximating with the rational weights case (see Lemma 8.5). Properties like functoriality, additivity and multiplicativity of the Chern character are also discussed. In §9, on a smooth surface, parabolic structures at multiple points are discussed and a Chern character formula is obtained. Logarithmic connections were discussed by Deligne in [De] . We discuss some filtrations defined by the residue transformations of the connection at infinity. When the eigenvalues of the residues are rational and non-zero, a locally abelian parabolic bundle was associated in [Iy-Si] , and this construction is considered further in §10. When the residues are nilpotent, we continue in §9 with something different: assign arbitrary weights to the pieces of the monodromy weight filtration of the nilpotent residue operators, creating a family of parabolic bundles indexed by the choices of weights. If X is a surface then these are automatically locally abelian, and as an example we make explicit the computation of the parabolic Chern character ch(F ) in the case of a weight one unipotent Gauss-Manin system F , see Lemma 9.3.
In §10 we consider the extension of Reznikov's theory to flat bundles with finite order monodromy at infinity. Such bundles may be considered as flat bundles over a DMstack of the form Z m = X D 1 n , . . . , Dm n , and Reznikov's theorem [Re2] applies directly (or alternatively, over a finite Kawamata covering) . The only knowledge which we can add is that our formula of Theorem 1.1 gives parabolic Chern classes in terms of the parabolic structure on X deduced from the flat bundle, and Reznikov's theorem can be stated as vanishing of these classes. This might have computational content in explicit examples. Proposition 1.2 (Parabolic corollary of Reznikov's theorem). Suppose (E U , ∇ U ) is a flat bundle on U with rational and semisimple residues, or equivalently the monodromy transformations at infinity are of finite order. Let F denote the corresponding locally abelian parabolic bundle. Recall that F [a 1 ,...,am] is the unique bundle on X extending E U such that the residues of the connection over n−1 
Parabolic bundles
Let X be a smooth projective variety over an algebraically closed field of characteristic zero, with D a normal crossing divisor on X. Write D = D 1 + . . . + D m where D i are the irreducible smooth components and meeting transversally. We use an approach to parabolic bundles based on multi-indices (α 1 , . . . , α m ) of length equal to the number of components of the divisor. This approach, having its origins in the original paper of Mehta and Seshadri [Me-Se] , was introduced in higher dimensions by Li [Li] , Steer-Wren [Sr-Wr] , Mochizuki [Mo2] and contrasts with the Maruyama-Yokogawa definition which uses a single index [Ma-Yo] .
2.1. Definition: A parabolic bundle on (X, D) is a collection of vector bundles F α indexed by multi-indices α = (α 1 , . . . , α k ) with α i ∈ Q, together with inclusions of sheaves of O Xmodules F α → F β whenever α i ≤ β i (a condition which we write as α ≤ β in what follows), subject to the following hypotheses: -(normalization/support) let δ i denote the multiindex δ
(compatibly with the inclusion); and -(semicontinuity) for any given α there exists c > 0 such that for any multiindex ε with 0 ≤ ε i < c we have
It follows from the normalization/support condition that the quotient sheaves F α /F β for β ≤ α are supported in a schematic neighborhood of the divisor D, and indeed if β ≤ α ≤ β+ n i δ i then F α /F β is supported over the scheme
and
The semicontinuity condition means that the structure is determined by the sheaves F α for a finite collection of indices α with 0 ≤ α i < 1, the weights.
A parabolic bundle is called locally abelian if in a Zariski neighbourhood of any point x ∈ X there is an isomorphism between F and a direct sum of parabolic line bundles. By Lemma 3.3 of [Iy-Si] , it is equivalent to require this condition on an etale neighborhood.
The locally abelian condition first appeared in Mochizuki's paper [Mo2] , in the form of his notion of compatible filtrations. The condition that there be a global frame splitting all of the parabolic filtrations appears as the conclusion of his Corollary 4.4 in [Mo, §4] , cf Theorem 2.2 below. A somewhat similar compatibility condition appeared earlier in Li's paper [Li, Definition 2.1(a)], however his condition is considerably stronger than that of [Mo2] and some locally abelian cases such as Case B in §7.1 below will not be covered by [Li] . The notion of existence of a local frame splitting all of the filtrations, which is our definition of "locally abelian", did occur as the conclusion of [Li, Lemma 3.2] .
Fix a single n which will be the denominator for all of the divisor components, to make notation easier. Let m be the number of divisor components, and introduce the notation
Parabolic bundles by filtrations.
Historically the first way of considering parabolic bundles was by filtrations on the restriction to divisor components [Me-Se] , [Se] , see also [Ma-Yo] , [Bi] , [IIS] 
Consider the kernel sheaves for −n ≤ j ≤ 0,
This can then be extended to sheaves defined for all values of a i using the normalization/support condition
We call this a parabolic structure given by filtrations.
Conversely, suppose we are given a parabolic structure F · as described in (2.1) when all the component sheaves F [a 1 ,...,am] are vector bundles. Set E := F [0,...,0] , and note that
where −n is put in the ith place. The image of F [0,...,−a i ,...,0] in E| D i is a subsheaf, and we assume that it is a saturated subbundle. This gives a parabolic structure "by filtrations". We can recover the original parabolic structure F · by the intersection formula (2).
We feel that these constructions only make good sense under the locally abelian hypothesis. We note some consequences of the locally abelian property.
Lemma 2.1. Suppose {F [a 1 ,a 2 ,...,am] } −n≤a i ≤0 define a locally abelian parabolic bundle on X with respect to (D 1 , . . . , D m ). Let E := F [0,...,0] , which is a vector bundle on X. Then F comes from a construction as above using unique filtrations of E| D i and we have the following properties: (a) the F [a 1 ,a 2 ,...,am] are locally free; (b) for each k and collection of indices (i 1 , . . . , i k ), at each point in the k-fold intersection
· of E P admit a common splitting, hence the associated-graded Gr
is independent of the order in which it is taken (see [De2] ); and (c) the functions P → dim Gr
are locally constant functions of P on the multiple intersections
Proof. Direct.
The above conditions are essentially what Mochizuki has called "compatibility" of the filtrations [Mo, §4] , and he shows that they are sufficient for obtaining a compatible local frame. Compare with [Li, Lemma 3.2] where the proof is much shorter because the compatibility condition in the hypothesis is stronger. [Mo, Cor. 4.4] ). Suppose given a parabolic structure which is a collection of sheaves F [a 1 ,a 2 ,...,am] obtained from filtrations on a bundle E as above. If these satisfy conditions (a), (b) and (c) of the previous lemma, then the parabolic structure is locally abelian.
Theorem 2.2 (Mochizuki
The situation is simpler in the case of surfaces which we describe here.
Lemma 2.3. Suppose X is a surface with a normal crossings divisor D = D 1 +. . .+D m ⊂ X. Suppose given data of a bundle E and strict filtrations of E| D i as in Lemma 2.1. Then this data defines a locally abelian parabolic bundle on (X, D).
Proof. One way to prove this is to use the correspondence with bundles on the DM-stack covering Z := X D 1 n , . . . , Dm n (see Lemma 2.3] ). Let Z be the complement of the intersection points of the divisor. On Z the given filtrations define a vector bundle, as can be seen by applying the correspondence of [Bo] [Iy-Si] in codimension 1, or more concretely just by using the filtrations to make a sequence of elementary transformations.
Then, since Z is a smooth surface, this bundle extends to a unique bundle on Z, which corresponds to a locally abelian parabolic bundle on X [Iy-Si] .
Another way to prove this is to note that there are only double intersections. At a point P where D i and D j intersect, the filtrations coming from D i and D j have a common splitting. This can then be extended along both D i and D j as a splitting of the respective filtrations, and extended in any way to the rest of X. The resulting direct sum decomposition splits the parabolic structure. This is illustrated by an example in §7.1.
We mention here a more general notation used by Mochizuki [Mo2, §3.1] for parabolic bundles given by a filtration, starting with an origin c = (c 1 , . . . , c m ) which may be different from (0, . . . , 0). In this case, the underlying bundle is ...,cm] and the filtrations on E| D i are denoted [Bi] , Borne [Bo] and many other places. Of course for the case of curves, the two are completely equivalent because a divisor is always a disjoint union of its components; multi-indexed divisors were used by Mehta and Seshadri [Me-Se] . Some of the first places where multi-indexed divisors were used in higher dimensions were in Li [Li] , Steer-Wren [Sr-Wr] , Panov [Pa] and Mochizuki [Mo2] . In the MY case the parabolic structure is given by a collection of sheaves indexed by a single parameter F α for α ∈ Q, with F α+1 = F α (D). We use upper indexing to distinguish this from our notations (although they would be the same in the case of a single smooth divisor). If F · is a parabolic structure according to our notations, then we get a MY-parabolic structure by setting
Conversely, given a MY-parabolic structure F · , if we assume that E := F 0 is a bundle, then the images of F − a i n in E D i define subsheaves at generic points of the components D i , which we can complete to saturated subsheaves everywhere. If F · is locally abelian (that is to say, locally a direct sum of MY-parabolic line bundles) then these saturated subsheaves are subbundles and we recover the parabolic structure via filtrations, hence the parabolic structure F · in this way. This construction is tacitly used by Biswas in [Bi2, pp. 599, 602] , although he formally sticks to the MY-parabolic notation.
In the locally abelian case, all of these different points of view permit us to represent the same objects and going between them by the various constructions we have outlined, is a commutative process in the sense that by any path we get back to the same objects in each notation. We don't attempt to identify the optimal set of hypotheses, weaker than locally abelian, on the various structures which would allow to give a more general statement of this sort of commutation of the various constructions. This doesn't seem immediately relevant since, for now, it doesn't seem clear what is the really good notion of parabolic sheaf.
2.4. Parabolic bundles on a DM-stack. Recall from [Bo] [Cad] [Ma-Ol] [Iy-Si] that given (X, D) and a denominator n, we can form a DM-stack denoted Z := X D 1 n , . . . , Dm n , and there is an equivalence of categories between parabolic bundles on (X, D) with denominator n, and vector bundles on the DM-stack Z. The Chern character will be defined using this equivalence, and we would like to analyse it by an induction on the number of divisor components m. Thus, we are interested in intermediate cases of parabolic bundles on DM-stacks.
We can carry out all the above constructions in the case when X is a DM stack and D i are smooth divisors, i.e., smooth closed substacks of codimension 1, meeting transversally on X. Proof. Since the construction [Cad] [Ma-Ol] [Bo] of the DM-stack X D n when X is a variety is local for theétale topology (see §2 .2]), the same construction works when X is a DM-stack.
. This is a DM-stack (see [Cad] [Ma-Ol] [Bo] §2 .2]) and we have maps
which are the pullbacks of the divisors
is smooth, whereas for j ≤ k the divisor D (k) j has multiplicity n.
Lemma 2.5. With the above notations, we have the inductive statement that for any 0 ≤ k < m,
Proof. Recall the definition of Z k+1 : if we assume D i for i = 1, . . . , k + 1 is defined by equations z i = 0 and on any local chart (for theétale topology) some of the components say D 1 , . . . , D k occur then the local chart for Z k+1 with coordinates u i is defined by the
n is obtained from Z k by defining local chart with coordinates w i and repeating the above construction by considering the component divisor D
k+1 on Z k , by applying Lemma 2.4 and having the same denominator n. It is now clear that both the constructions define the same stack.
Suppose X is a smooth DM stack and D ⊂ X is a smooth divisor. Then we define the notion of parabolic bundle on (X, D) (with n as denominator) as follows. A parabolic structure is a collection of sheaves F α on X (with α ∈ 1 n Z) with F [a] → F [a+1] (remember the notation at the start here with m = 1 so [a] = ( a n )). This is a parabolic bundle if the F [a] are bundles and the quotient sheaves
are bundles supported on D. This is equivalent to a locally abelian condition in theétale topology of X. Indeed, we can attach weights a n to the graded pieces F [a+1] /F [a] whenever this is non-zero and define locally on a general point of the divisor D a direct sum L of parabolic line bundles such that if the rank of
Lemma 2.6. There is an equivalence of categories between bundles on X D n and parabolic bundles on (X, D) with n as denominator.
Proof. This is proved by Borne [Bo, Theorem 5 ] when X is a smooth variety. In the case of a DM stack since everything is local in theétale topology it works the same way.
Similarly if D i are smooth divisors meeting transversally on a DM stack X then we can define a notion of locally abelian parabolic bundle on (X; i D i ), as in §2.1. Here the locally abelian condition is local in the etale topology which is the only appropriate topology to work with on X.
Lemma 2.7. With the notations of the beginning, the categories of locally abelian parabolic bundles on
Proof. When k = m and for any k, so we consider Z m and Z k , the equivalence of vector bundles on Z m and locally abelian parabolic bundles on Z k is proved in Lemma 2.3 ] (actually it is proved when Z k is a variety but as earlier the same proof holds for the DM-stack Z k ). This gives the equivalences of categories on any Z k and Z k .
In particular the cases k = 0 so Z k = X and k = m where there are no further divisor components, correspond to the equivalence of categories of [Iy-Si, . Let π : Z m → X denote the projection. By Gillet [Gi] and Vistoli [Vi] it induces an isomorphism of rational Chow groups
In [Iy-Si] , following an idea of Borne [Bo] , we defined the Chern character of F to be
It is a formal consequence of this definition that Chern character is compatible additively with direct sums (or more generally extensions), multiplicatively with tensor products, and the pullback of the Chern character is the Chern character of the pullback bundle for a morphism f of varieties if the normal-crossings divisors are in standard position with respect to f .
2.6. Statement of the main theorem. Our goal is to give a formula for the Chern character defined abstractly by (5). The first main theorem is that the Chern character depends only on the Chern characters of the component bundles, and not on the inclusion morphisms between them. This is not in any way tautological, as is shown by the examples we shall consider in §5 below which show that it is not enough to consider the Chern characters of the bundle E plus the filtrations, or just the Maruyama-Yokogawa components. The full collection of component bundles F [a 1 ,...,am] is sufficient to account for the incidence data among the filtrations, and allows us to obtain the Chern character.
Theorem 2.9. Suppose F and G are locally abelian parabolic bundles on a DM stack X with n as denominator. Suppose that for all a i with 0 ≤ a i < n the bundles ...,am] have the same Chern character in the rational Chow groups of X. Then the parabolic bundles F and G have the same Chern character in the rational Chow group of X.
When we have two parabolic bundles F and G satisfying the hypothesis of the theorem, we say that F and G are componentwise Chow equivalent. A stronger condition is to say that F and G are componentwise isomorphic, meaning that the F [a 1 ,...,an] and G [a 1 ,...,an] are isomorphic bundles on X. This obviously implies that they are componentwise Chow equivalent, and so the theorem will imply that they have the same Chern character.
Once we have Theorem 2.9, it is relatively straightforward to give an explicit calculation of the Chern character by exhibiting a componentwise isomorphism of parabolic bundles. The componentwise isomorphism which will come into play, will not, however, come from an isomorphism of parabolic structures because the individual isomorphisms on component bundles will not respect the inclusion maps in the parabolic structure. The resulting formula is a weighted average as stated in Theorem 1.1, proven as Theorem 5.8 below.
Reduction to the case of one divisor
In this section and the next, we prove Theorem 2.9. In this section we will use the intermediate stacks Z k in order to reduce to the case of only one smooth divisor component; then in the next section we prove the formula for that case. To see how the reduction works we have to note what happens to the component bundles in the equivalence of Lemma 2.7.
Fix 0 < k ≤ m and consider the equivalence of Lemma 2.7 which we denote (a) in what follows: suppose E is a locally abelian parabolic bundle on
then it corresponds to F which is a locally abelian parabolic bundle on
and that we have an equivalence (b) between bundles on Z k , and parabolic bundles on Z k−1 with respect to the divisor
. . , b m we can let a k vary, and using E we obtain a parabolic bundle
on Z k−1 with respect to the divisor D Proof. We use the definition of the pushforward ([Iy-Si, §2.2]) which provides the explicit equivalence in Lemma 2.7. For simplicity, we assume that k = m − 1 so we are looking at the case
Let G be the vector bundle on Z m corresponding to E or F , using the equivalence in Lemma 2.7. Consider the vector bundle F [bm] on Z m−1 . We want to check that the associated parabolic bundle q * F [bm] is H bm . The following equalities prove this claim.
Here R A corollary of this observation is that we can reduce for Theorem 2.9 to the case of a single divisor. is exactly the component
Similarly, applying Lemma 3.1 to the comparison between G (k−1) and G (k) , the bundle on
Thus the result of our application of the single divisor case of Theorem 2.9 is that the bundles ...,bm] are Chow equivalent. This exactly says that the parabolic bundles F (k) and G (k) are componentwise Chow equivalent, which completes our induction step.
When k = m at the end of the induction, F (m) and G (m) are componentwise Chow equivalent. But these are usual bundles on Z m , so their Chern characters coincide. The Chern characters of F and G are defined as the pushforwards of those of F (m) and G (m) , so these are the same too, giving the statement of Theorem 2.9.
The single divisor case
By Corollary 3.2, it now suffices to prove Theorem 2.9 in the case m = 1. Simplify notation. Suppose we have a smooth DM stack X and a smooth divisor D, and suppose we have a parabolic bundle F on X with respect to D. It is a collection of bundles denoted F [a] with a ∈ Z (as usual without saying so we assume that the denominator is n). Let Z := X D n , so F corresponds to a vector bundle E on Z. According to the definition (5) we would like to show that the Chern character of E in the rational Chow group of Z depends only on the Chern characters of the F [a] in the rational Chow group of X, noting the identification (4).
Let p : Z → X denote the map of DM stacks. The inverse image p * (D) is a divisor in Z which has multiplicity n, because p is totally ramified of degree n over D. In particular, there is a divisor R ⊂ Z such that
This R is well-defined as a smooth closed substack of codimension 1 in Z. However, R is a gerb over D. More precisely, we have a map R → D and there is a covering of D in the etale topology by maps U → D such that there is a lifting U → R. If we are given such a lifting then this gives a trivialization
where B(Z/n) is the one-point stack with group Z/n. This can be summed up by saying that R is a gerb over D with group Z/n. It is in general not trivial. (We conjecture that the obstruction is the same as the obstruction to the normal bundle N D/X having an n-th root as line bundle on D.) On the other hand, the character theory for R over D is trivialized in the following sense. There is a line bundle N := O X (R)| R on R with the property that on any fiber of the form B(Z/n), N is the primitive character of Z/n.
Using N , we get a canonical decomposition of bundles on R. Suppose E is a bundle on R. Then p R, * E is a bundle on D which corresponds in each fiber to the trivial character. Here p R is the map p restricted to R. For any i we have a map
Lemma 4.1. If E is a bundle on R then the above maps put together for 0 ≤ i < n give a direct sum decomposition
Proof. The maps exist globally. To check that the map is an isomorphism it suffices to do it locally over D in the etale topology (since the map p R is involved). As noted above, locally over D the gerb R is a product of the form U × B(Z/n). A bundle E on the product is the same thing as a bundle on U together with an action of the group Z/n. In turn this is the same thing as a bundle with action of the group algebra O U [Z/n] but relative Spec of this algebra over U is a disjoint union of n copies of U , so E decomposes as a direct sum of pieces corresponding to these sections. This decomposition may be written as E = χ E χ where the χ are characters of Z/n and Z/n acts on E χ via the character χ. In terms of the DM stack this means that E decomposes as a direct sum of bundles on U tensored with characters of Z/n considered as line bundles on B(Z/n). Using this decomposition we can check that the above map is an isomorphism (actually it gives back the same decomposition).
Now suppose E is a bundle on Z. Then its restriction to R, noted E R , decomposes according to the above lemma. Define two pieces as follows: E R,fix is the piece corresponding to i = 0 in the decomposition. Thus
On the other hand, let E R,var denote the direct sum of the other pieces in the decomposition. The decomposition of Lemma 4.1 thus gives a direct sum decomposition
Define the standard elementary transformation e(E) of a bundle E over Z, as the kernel
Lemma 4.2. Suppose E is a bundle on Z. Then we have the following exact sequence for the restriction of the standard elementary transformation of E:
Proof. Consider the exact sequence :
Since E R = E R,fix ⊕ E R,var , and e(E) is the kernel of the composed map
there is an induced injective map
inducing the restriction map on R
The kernel of the restriction
Suppose E is a bundle on Z. Define ρ(E) to be the largest integer k with 0 ≤ k < n such that the piece p *
in the decomposition of Lemma 4.1 is nonzero.
Actually we may consider this definition for any vector bundle on R.
Corollary 4.3. The invariant ρ decreases under the standard elementary transformation: if ρ(E) > 0 then ρ(e(E)) < ρ(E).
Proof. Consider the exact sequence from Lemma 4.2 :
Using the pushforward and pullback operations on this exact sequence, after twisting by powers of N , we notice that it suffices to check that ρ(E R,var ⊗ N * ) < ρ(E) and
The summands in the above term corresponding to i − 1 − k = 0 are zero. In other words, the only term left is for i = k + 1, but if k ≥ ρ(E) then this doesn't occur and the whole is zero. Hence ρ(E R,var ⊗ N * ) < ρ(E).
We now describe the pieces in the decomposition of Lemma 4.1 for E R in terms of the parabolic structure on X. Introduce the following notation: if F is a parabolic bundle on X along the divisor D, then for any a ∈ Z set gr [a] 
. It is a vector bundle on the divisor D.
Lemma 4.4. Suppose E is a bundle on Z corresponding to a parabolic bundle F over X. Then for any a ∈ Z we have
Proof. We have
Note that R 1 p * vanishes on coherent sheaves, since p is a finite map in the etale topology. Thus p * is exact. This gives
) is a bundle on R which is equal to N ⊗a . This gives the statement.
We say that two bundles on R are Chow equivalent relative to Z if their Chern characters map to the same thing in the rational Chow group of Z. Caution: this is different from their being Chow equivalent on R, because the map CH(R) Q → CH(Z) Q might not be injective.
Lemma 4.5. Suppose p : Z = X 1 n −→ X is a morphism of DM-stacks as in the beginning of this section. Then the following diagram commutes :
Proof. Use composition of proper pushforwards [Vo] . The vertical isomorphisms come from the fact that Z → X and R → D induce isomorphisms of coarse moduli schemes, and [Vi] [Gi] .
Corollary 4.6. Suppose E and G are vector bundles on Z corresponding to parabolic bundles F and H respectively on X. If F and H are componentwise Chow equivalent then each of the components in the decompositions of Lemma 4.1 for E R and G R are Chow equivalent relative to Z.
Proof. Since F and H are componentwise Chow equivalent the graded pieces gr [a] (F ) and gr [a] (H) are Chow equivalent on X. Hence by Lemma 4.4, p R * (E ⊗ N a ) and p R * (G ⊗ N a ) are Chow equivalent on X, in other words they are vector bundles on D which are Chow equivalent relative to X. The pullback of Chow equivalent objects on D relative to X are Chow equivalent objects on R relative to Z, by Lemma 4.5. Thus, in the sum decomposition of E R and G R as in Lemma 4.1, we conclude that the component sheaves are Chow equivalent relative to Z.
Corollary 4.7. Suppose E and G are vector bundles on Z corresponding to parabolic bundles F and H respectively on X. Suppose that F and H are componentwise Chow equivalent. Then the sheaves E R,fix and G R,fix are Chow equivalent on Z. Similarly, the sheaves E R,var and G R,var are Chow equivalent on Z.
Proof. These sheaves come from the components of the decomposition for E R and G R .
Lemma 4.8. Suppose E and G are vector bundles on Z corresponding to parabolic bundles F and H respectively on X. Suppose that F and H are componentwise Chow equivalent. As a matter of notation, let e X F and e X H denote the parabolic bundles on X corresponding to the vector bundles eE and eG. Then e X F and e X H are componentwise Chow equivalent.
Proof. Firstly, we claim that
To prove the claim, note that
On the other hand, since E R,var has only components which have trivial direct images, we have p * (E R,var ) = 0, so the left exact sequence for the direct image of (6), shows that
This gives the claim.
The same claim holds for H.
Now twist the exact sequence in Lemma 4.2 by N a , and take the pushforward (which is exact). Do this for both bundles E and G, yielding the exact sequences
By the hypothesis, Corollary 4.6 applies to say that the various components in the decomposition of Lemma 4.1 for E R,var and E R,fix are Chow equivalent relative Z to the corresponding components of G R,var and G R,fix . Thus the left and right terms of both exact sequences are Chow equivalent relative to X, so p * (e(E) R ⊗ N a ) and p * (e(G) R ⊗ N a ) are Chow equivalent relative to X.
Hence by Lemma 4.4, gr [a] (e X F ) and gr [a] (e X H) are Chow equivalent relative to X. Together with the above claim (7), we deduce that the constituent bundles of e X F and e X H are Chow equivalent on X.
We can iterate the operation of doing the elementary transform, denoted E → e p E. This corresponds to a parabolic bundle on X denoted by F → e p X F . Note that this is indeed the iteration of the notation e X Exercise 4.9. Give an explicit description of e X in terms of parabolic bundles.
Because the invariant ρ(E) decreases under the operation of doing the standard elementary transform (until we get to ρ = 0) it follows that ρ(e p E) = 0 for some p ≤ n.
Lemma 4.10. Suppose E is a bundle on E with ρ(E) = 0. Then E is the pullback of a bundle on X.
Proof. In this case, we have E R p * R p R * E R . Hence by Lemma 4.4, it follows that gr [a] (F ) = 0 for a > 0. This implies that F has only one constituent bundle F [0] and is a usual bundle on X. Hence E is the pullback of F [0] .
The next lemma gives the induction step for the proof of the theorem.
Lemma 4.11. Suppose E and G are vector bundles on Z corresponding to parabolic bundles F and H respectively on X. Suppose that F and H are componentwise Chow equivalent. Suppose also that eE and eG are Chow equivalent on Z. Then E and G are Chow equivalent on Z.
Proof. The componentwise Chow equivalence gives from Corollary 4.7 that E R,var and G R,var are Chow equivalent relative to Z. The exact sequence of Lemma 4.2 gives that E and G are Chow equivalent on Z.
Finally we can prove Theorem 2.9 in the single divisor case.
Theorem 4.12. Suppose E and G are vector bundles on Z corresponding to parabolic bundles F and H respectively on X. Suppose that F and H are componentwise Chow equivalent. Then E and G are Chow equivalent on Z.
Proof. Do this by descending induction with respect to the number p given above Lemma 4.10. There is some p 0 such that ρ(e p 0 E) = 0 and ρ(e p 0 G) = 0. These come from bundles on X. By Lemma 4.8, these bundles (which are the zero components of the corresponding parabolic bundles) are Chow equivalent. Thus e p 0 E and e p 0 G are Chow equivalent. On the other hand, by Lemma 4.8, all of the e p X F and e p X H are componentwise Chow equivalent. It follows from Lemma 4.11, if we know that e p+1 E and e p+1 G are Chow equivalent then we get that e p E and e p G are Chow equivalent. By descending induction on p we get that E and G are Chow equivalent.
Using Corollary 3.2, we have now completed the proof of Theorem 2.9.
A formula for the parabolic Chern character
Now we would like to use Theorem 2.9 to help get a formula for the Chern classes. Go back to the general situation of a smooth variety X with smooth divisors D 1 , . . . , D m intersecting transversally. Once we know the formula for the Chern character of a line bundle, we will no longer need to use the stack Z = X[
Lemma 5.1. Let F be a parabolic bundle on X with respect to the divisors D 1 , . . . , D m . Then we can form the twisted parabolic bundle
We have the formulae
Proof. Consider the projection p :
Dm n −→ X. Let E be the vector bundle on Z corresponding to F on X and O( i b i R i ) be the line bundle on Z corresponding to
Notice that
The formula for the Chern character is due to the fact that the Chern character defined as we are doing through DM-stacks is multiplicative for tensor products, and coincides with the exponential for rational divisors, see [Iy-Si] .
Lemma 5.2. We have the formula for the trivial line bundle O considered as a parabolic bundle:
where the square brackets on the right signify the greatest integer function (on the left they are the notation we introduced at the beginning).
Proof. This follows from the definition as in Lemma 5.1.
Corollary 5.3. Suppose E is a vector bundle on X considered as a parabolic bundle with its trivial structure. Then
Proof. Use the definition of associated parabolic bundle as in Lemma 5.1.
Suppose F is a parabolic bundle on X with respect to D 1 , . . . , D m . We will now show by calculation that the two parabolic bundles n−1
are componentwise isomorphic (and hence, componentwise Chow equivalent). Notice that the second bundle is a direct sum of vector bundles on X, the component bundles of F , tensored with parabolic line bundles, whereas the first is F tensored with a bundle of positive rank. This will then allow us to get a formula for ch(F ).
Lemma 5.4. For any 0 ≤ a i < n we have
Proof. Indeed, we have
by Lemma 5.1 above.
Lemma 5.5.
and hence, since F [u 1 ,...,um] is just a vector bundle on X,
We put these two together with the following.
Lemma 5.6.
Proof. For given integers 0 ≤ a i < n and 0 ≤ u i < n, set
so that
With this definition of k i we have
due to the periodicity of the parabolic structure.
Note that 0 ≤ k i < n, because a i − u − i < 0 if and only if the greatest integer piece in the definition of k i is equal to −1 (otherwise it is 0).
For a fixed (a 1 , . . . , a m ), as (u 1 , . . . , u m ) ranges over all possible choices with 0 ≤ u i < n the resulting (k 1 , . . . , k m ) also ranges over all possible choices with 0 ≤ k i < n. Thus we get the isomorphism which is claimed.
Corollary 5.7. If F is a parabolic bundle on X with respect to D 1 , . . . , D m then the parabolic bundles
are componentwise isomorphic, hence componentwise Chow equivalent.
Proof. Putting together Lemmas 5.4, 5.5 and 5.6 gives, for any 0 ≤ a i < n n−1
.
We can now calculate with the previous corollary.
Theorem 5.8. Suppose F is a parabolic bundle on X with respect to D 1 , . . . , D m , with n as denominator. Then we have the following formula for the Chern character of F :
In other words, the Chern character of F is the weighted average of the Chern characters of the component bundles in the range 0 ≤ a i < n, with weights e
Proof. By Theorem 2.9, two componentwise Chow equivalent parabolic bundles have the same Chern character. From the general theory over a DM stack we know that Chern character of parabolic bundles is additive and multiplicative, and Lemma 5.1 says that it behaves as usual on line bundles. Therefore the Chern characters of both parabolic bundles appearing in the statement of Corollary 5.7 are the same. This gives the formula
The term multiplying ch(F ) on the left side is an element of the Chow group which has nonzero term in degree zero. Therefore, in the rational Chow group it can be inverted and we get the formula stated in the theorem.
Remark 5.9. The function
is periodic in the variables a i , that is the value for a i + n is the same as the value for a i .
Remark 5.10. Also the formula is clearly additive.
Examples with parabolic line bundles
We verify the formula of Theorem 5.8 for parabolic line bundles, and then give some examples which are direct sums of line bundles which show why it is necessary to include all of the terms F [a 1 ,...,am] in the formula.
Verification for line bundles. Suppose L = O(α.D) is a parabolic line bundle on (X, D)
where D is an irreducible and smooth divisor and α = h n ∈ Q. The formula of Theorem 5.8 is obviously invariant if we tensor the parabolic bundle by a vector bundle on X, in particular we can always tensor with an integer power of O(D) so it suffices to check when 0 ≤ h < n.
Notice that the constituent bundles are 
The formula in Theorem 5.8 is now easily verified for the case when L is a parabolic line bundle as above, once it is verified for the parabolic line bundles L i . Indeed, the formula in this case is essentially the product of the Chern characters of L i , for 1 ≤ i ≤ m.
6.2. The case of two divisors and n = 2. Suppose we have two divisor components D 1 and D 2 , and suppose the denominator is n = 2. Then a parabolic bundle may be written as a 2 × 2 matrix
In particular by Lemma 5.2 we have
and 
then F and G have the same underlying bundle E = O ⊕ O, and the Chern data for their filtrations are the same, however their Chern characters are different. For example if X = P 2 and D 1 and D 2 are two distinct lines whose class is denoted H then
6.4. Counterexample for MY structure. Similarly, the MY-parabolic structure consists of F [0, 0] and F [1, 1] , that is the diagonal terms in the matrix, and the off-diagonal terms don't intervene. A different example serves to show that there is no easy formula for the Chern character in terms of these pieces only. Put
Then
On the other hand, again in the example X = P 2 and D 1 and D 2 are lines whose class is denoted H we have ch(F ) = e 1 2
In both of these examples, of course the structure with filtrations or the MY-parabolic structure permits to obtain back the full multi-indexed structure and therefore to get the Chern character, however these examples show that the Chern character cannot be written down easily just in terms of the Chern characters of the component pieces.
A formula involving intersection of filtrations
In this section we will give another expression for the parabolic Chern character formula, when the parabolic structure is viewed as coming from filtrations on the divisor components. This formula will involve terms on the multiple intersections of the divisor components, of intersections of the various filtrations. To see how these terms show up in the formula, we first illustrate it by an example below.
7.1. Example on surfaces. We consider more closely how the intersection of the filtrations on D 1 and D 2 comes into play for determining the Chern character. Panov [Pa] and Mochizuki [Mo2] considered this situation and obtained formulas for the second parabolic Chern class involving intersections of the filtrations.
For this example we keep the hypothesis that X is a surface and the denominator is n = 2, also assuming that there are only two divisor components D 1 and D 2 intersecting at a point P . The typical example is X = P 2 and the D i are distinct lines meeting at P .
Let E = F [0,0] be a rank two bundle. Consider rank one strict subbundles
There is a unique parabolic structure with
The quotient (E| D 1 )/B 1 is a line bundle on D 1 and similarly for D 2 , and if the parabolic structure corresponds to the B i as above then
and similarly on D 2 .
In particular, F [−1,0] is defined by the exact sequence
Note that the Chern characters of is the subsheaf of E which is the intersection of these two subsheaves. To prove this note that the intersection of two reflexive subsheaves of a reflexive sheaf is again reflexive because it has the Hartogs exension property. In dimension two, reflexive sheaves are vector bundles, and they are determined by what they are in codimension one.
We have a left exact sequence
Here is where the intersection of the filtrations comes in: in our example D 1 ∩ D 2 is a single point, denote it by P . We have one-dimensional subspaces of the two dimensional fiber of E over P :
B 1,P , B 2,P ⊂ E P .
There are two cases: either they coincide, or they don't.
Case A: they coincide-In this case we can choose a local frame for E in which B 1 and B 2 are both generated by the first basis vector. We are basically in the direct sum of two rank one bundles, one of which containing the two subspaces and the other not. In this case there is an exact sequence
where Q is a rank one skyscraper sheaf at P . This is because the fibers of (E| D 1 )/B 1 and (E| D 2 )/B 2 coincide at P , and Q is by definition this fiber with the map being the difference of the two elements. Things coming from E go to the same in both fibers so they map to zero in Q.
An example of this situation would be the parabolic bundle O X ( 1 2
Case B: they differ-In this case we can choose a local frame for E in which B 1 and B 2 are generated by the two basis vectors respectively. In this case the map in question is surjective so we get a short exact sequence
An example of this situation would be the parabolic bundle O X (
The formula for the Chern character will involve the Chern character of E, the Chern characters of the bundles B i , and a correction term for the intersection. All other things being equal, the formulas in the two cases will differ by ch(Q) at the place F [1, 1] (this is the same as for F [−1,−1] ). When the weighted average is taken, this comes in with a coefficient of ( 1 4 + . . .), but the higher order terms multiplied by the codimension 2 class ch(Q) come out to zero because we are on a surface. Therefore, the formulae in case A and case B will differ by D i (that is the weight for the smallest multi-index in the range). This formula may also be written as: (10) ch(F ) =
Proof. If a i and a i differ by integer multiples of n then by using condition (3) of §2.2, we have e
Thus, the numerator in the formula (10) is equal to the numerator of the formula in Theorem 5.8. The denominators are the same. On the other hand, if we form the weighted average as described in the first sentence of the proposition, then the numerator will be the same as in (10). The denominator of the weighted average is
Hence, when we multiply the weighted average by e
Remark 7.2. If we replace the denominator n by a new one np then the formulae of Theorem 5.8 or the previous proposition, give the same answers.
Indeed, the parabolic structure F for denominator np contains the same sheaves, but each one is copied p m times: ...,am] for 0 ≤ q i ≤ p − 1. Therefore, both the numerator and the denominator in our formulae are multiplied by
and the quotient stays the same.
7.3. A general formula involving intersection of filtrations. We can generalize the example of surfaces in §7.1, to get a formula which generalizes the codimension 2 formulae of Panov [Pa] and Mochizuki [Mo2] .
In this section we suppose we are working with the notation of a locally abelian parabolic structure F given by filtrations, on a vector bundle E := F [0,...,0] with filtrations
and the parabolic structure F · is given by
More generally define a family of multi-indexed quotient sheaves by
In these notations we have −n ≤ a i ≤ 0.
If we consider quotient sheaves as corresponding to linear subspaces of the Grothendieck projective bundle associated to E, then the multiple quotients above are multiple intersections of the Q i [a i ] . The formula (11) extends to a Koszul-style resolution of the component sheaves of the parabolic structure.
Lemma 7.3. Suppose that the filtrations give a locally abelian parabolic structure, in particular they satisfy the conditions of Lemma 2.1. Then for any −n ≤ a i ≤ 0 the following sequence is well defined and exact:
Proof. The maps in the exact sequence are obtained from the quotient structures of the terms with alternating signs like in theĈech complex. We just have to prove exactness. This is a local question. By the locally abelian condition, we may assume that E with its filtrations is a direct sum of rank one pieces. The formation of the sequence, and its exactness, are compatible with direct sums. Therefore we may assume that E has rank one, and in fact E ∼ = O X .
In the case where E is the rank one trivial bundle, the filtration steps are either 0 or all of O D i . In particular, there is −n < b i ≤ 0 such that
. . , k, and the quotient is zero otherwise.
The sequence is defined for each multiindex a 1 , . . . , a m . Up to reordering the coordinates which doesn't affect the proof, we may assume that there is p ∈ [0, m] such that a i < b i for i ≤ p, but a i ≥ b i for i > p. In this case, the quotient is nonzero only when i 1 , . . . , i k ≤ p. Furthermore,
In local coordinates, the divisors D 1 , . . . , D p are coordinate divisors. Everything is constant in the other coordinate directions which we may ignore. The complex in question becomes
Etale locally, this is exactly the same as the exterior tensor product of p copies of the resolution of O A 1 (−D) on the affine line A 1 with divisor D corresponding to the origin,
In particular, the exterior tensor product complex is exact except at the beginning, where 
Substituting this formula for ch (F [a 1 ,a 2 ,...,am] ) into Theorem 5.8, or rather into (10) of Proposition 7.1 with b i = −n, we obtain the following formula for the associated parabolic bundle. Note that the limits of the sums are different in the numerator and denominator, as in (10). Also the term ch(E) occurs with a different factor in the numerator and denominator; the ratio of these factors is e
Corollary 7.4. If F is a locally abelian parabolic bundle then
In fact, we can also write the formula in terms of an associated graded. For this, fix 1
leading to a multiple-associated-graded defined as follows. For −n ≤ a i j ≤ 0 put
where the indices in the denominator are almost all a i j but one a iq − 1. A good way to picture this when k = 2 is to draw a square divided into a grid whose sides are the intervals [−n, 0]. The filtrations correspond to horizontal and vertical half-planes intersected with the square. Pieces of the associated-graded are indexed by grid squares, indexed by their upper right points. Thus the pieces are defined for 1 − n ≤ a i j ≤ 0.
If the parabolic structure is locally abelian then the filtrations admit a common splitting and we have
or more generally the same thing in any order. Without the common splitting hypothesis, the multi-graded defined previously would not even have dimensions which add up.
The multi-quotient has an induced multiple filtration whose associated-graded is a sum of pieces of the multi-graded defined above. In the k = 2 picture, the multi-quotient corresponds to a rectangle in the upper right corner of the square. For example, we have
where in the direct sum, the indices are all a i l − 1 except for one which is a i j .
Thus in the Grothendieck group of sheaves on
This gives us the following formula, based on Corollary 7.4 which in turn comes from (10) of Proposition 7.1 (thus as before the limits of the sum in the numerator and denominator are different).
Corollary 7.5. Suppose F is a locally abelian parabolic structure. Define the multiassociated-graded by (12) above. Then we have the formula
7.4. The case of a single smooth divisor. In the case when there is only one smooth divisor component D this formula becomes
This can be simplified using the identity (1 + x + . . .
We can again rewrite this in terms of the rational indexing in the interval (−1, 0], denoting by Gr α the graded Gr [nα] . The formula becomes
The expression on the right should be interpreted formally, in the sense that the exponentials are written as power series, then the division is done formally, and finally the resulting power series is applied to D ∈ CH 1 (X) Q . The result is a polynomial in D because of the nilpotence of the product structure on CH >0 (X) Q .
Our formula still is not in optimal form. One checks that it gives the right formula for a line bundle F = O( b n D). We leave it to the reader to make the analogous transformations of the formula in the case of several divisors, possibly meeting only pairwise as a start, and to compare the result with the codimension 2 formulae of Panov [Pa] and Mochizuki [Mo2] .
A. J. de Jong pointed out that one would also like to compare this with the formula given by Esnault and Viehweg [Es-Vi, Corollary (B. 3), p. 186] for the global Newton class of a flat bundle in terms of local contributions. Given a flat bundle on X − D, one associates a parabolic bundle in a natural way and we would expect the formula of [Es-Vi] to be a simple consequence of the fact that the parabolic Chern classes of the resulting bundle are zero at least in rational cohomology. Indeed, the overall shape of the formula in [Es-Vi] is very similar to the ones we are considering here, namely the global contribution from the bundle on X is balanced out by local contributions from the graded pieces of the parabolic structure. However, it seems that the comparison with [Es-Vi] is not immediate: one would need to make use of some additional special identities which must be satisfied by the ch(Gr α (E)) due to the fact that the parabolic structure comes from a flat bundle. All in all, it seems clear that there is much room for further progress in understanding this question.
Parabolic bundles with real weights
In this section we consider parabolic bundles with real weights and define their Chern character and pullback bundles. A parabolic bundle on (X, D) is a collection of vector bundles F α indexed by multiindices α = (α 1 , . . . , α k ) with α i ∈ R, satisfying the same conditions as recalled in §2. The structure is determined by the sheaves F α for a finite collection of indices α with 0 ≤ α i < 1, the weights. Remark 8.1. A parabolic bundle with rational weights and denominator n can be considered as a parabolic bundle with real weights by setting
where [nt i ] is the greatest integer less than or equal to nt i , for any t i ∈ [0, 1) ⊂ R.
We say that F is locally abelian if in a Zariski neighbourhood of any point x ∈ X, F is isomorphic to a direct sum of parabolic line bundles with real coefficients.
8.1. Perturbation of parabolic bundles with real weights. The following construction is a simplified version of the one considered by Mochizuki [Mo2, §3.3] , and which suffices for our purpose. Variations of parabolic weights were considered earlier in [Me-Se] , [Bd-Hu] , [Th] .
Suppose F is a parabolic bundle with real weights on a smooth variety (X, D). Consider the real weights
By definition
Note that if γ is a multiindex with α i − 1 < γ i ≤ α i then we have an exact sequence
Consider the graded sheaves
By the semicontinuity condition there are finitely many indices and γ i such that the graded sheaves gr
Let
Choose α i such that α i < r α i and α i + i is a rational number, for each i.
The following construction was used by Mochizuki in [Mo2, §3.4].
Definition 8.2. A parabolic bundle F with rational weights a i = α i + α i is defined by setting :
We call F an -perturbation of F on X.
For any rational weights t = [t 1 , ..., t m ], we have the inclusion of sheaves
In other words, we can write F → F . Write = { α i }, where α i runs over the finite set of real weights which determine F .
Suppose {F i } i∈I is a projective system of parabolic bundles indexed by an ordered set I with inclusions F i → F j for i ≤ j. Define the intersection by the formula
This defines a parabolic sheaf. We say that the collection {F i } i∈I is simultaneously locally abelian if there is an etale covering of X such that on the pullback to this etale covering, each of the F i admits a direct sum decomposition as a sum of parabolic line bundles, and the inclusion maps are compatible with these direct sum decompositions. Inclusions of parabolic line bundles are just inequalities of real divisors, and the intersection of a family of parabolic line bundles just corresponds to taking the inf of the family of real coefficients. Thus we have the following useful fact.
Lemma 8.3. If {F
i } i∈I is a simultaneously locally abelian projective system of inclusions of parabolic bundles, then the intersection i∈I F i is a locally abelian parabolic bundle.
Lemma 8.4. Suppose F is a locally abelian parabolic bundle with real weights α = (α 1 , ..., α m ) on (X, D). Then any -perturbation F of F is also locally abelian with the same decomposition. Thus the family of F is a simultaneously locally abelian projective system of inclusions. Taking the intersection we have
Proof. Since this is a local question, we assume that
where a In Lemma 2.6] , the pullback of a locally abelian parabolic bundle with rational weights was defined, using its correspondence with usual vector bundles on a DM-stack.
Our aim here is to define the pullback f * F on (Y, D ) of a locally abelian parabolic bundle F with real weights on (X, D).
Lemma 8.5. Suppose F is a locally abelian parabolic bundle with real weights on (X, D).
as a locally abelian parabolic bundle with real weights.
Proof. By Lemma 8.4, we can write
By Lemma 2.6] , f * F is a locally abelian parabolic bundle with rational weights.
Locally, by Lemma 8.4, each F is locally abelian, and the decompositions are compatible for different . Thus we can write locally
where a i j ( ) are rational numbers depending on . In other words, the pullbacks form a simultaneously locally abelian projective system. By Lemma 8.4, we can define the pullback of F as the intersection
and it is a locally abelian parabolic bundle. In fact, locally let α i j = lim →0 a i j ( ) (which converges and is a real number), then
8.3. Tensor products of parabolic bundles with real weights. Suppose F and G are two locally abelian parabolic bundles with real weights. We would like to define their tensor product. Recall that by Lemma 2.3] , the tensor product of locally abelian parabolic bundles with rational weights can be defined using the correspondence with usual vector bundles on a DM-stack.
Lemma 8.6. Suppose F and G are locally abelian parabolic bundles with real weights on (X, D). Then we can define F ⊗ G as a locally abelian parabolic bundle with real weights.
The families {F } →0 and {G } →0 are simultaneously locally abelian, and we can take a common refinement of the two coverings so that they are locally abelian with respect to the same covering. Then the family of tensor products {F ⊗G } , →0 is again simultaneously locally abelian with respect to the same decomposition and we can define
One can also consider duals and internal Hom. 
We leave the proof to the reader.
A similar statement holds for tensor product, which is again left to the reader.
8.5. Chern character of parabolic bundles with real weights. Suppose K ⊂ R is a subfield, and suppose V is a K-vector space. If f ∈ V ⊗ K[x] then we can define in a formal way 1 0 f ∈ V . The same is true if f is a formal piecewise polynomial function whose intervals of different definitions are defined over K. A similar remark holds for multiple integrals-in the case we shall consider the domains of piecewise definition will be products of intervals defined over K but this could also extend to K-linear constructible regions.
Using this meaning, the formula of Theorem 5.8 may be rewritten replacing sums by integrals:
In this formula note that the exponentials of real combinations of divisors are interpreted as formal polynomials. The power series for the exponential terminates because the product structure of CH >0 (X) is nilpotent.
If F is a parabolic bundle with rational weights, then this still takes values in CH · (X) Q .
If F is a parabolic bundle with real weights, then the formula (15) may be taken as the definition of ch(F ) ∈ CH · (X) R := CH · (X) ⊗ Z R. No topology or metric structure is needed on CH · (X) R because the integrals involved are piecewise polynomials.
Theorem 8.8. The Chern character of locally abelian parabolic bundles with real weights, is additive for exact sequences, multiplicative for tensor products, and functorial for pullbacks along good morphisms of varieties with normal crossings divisors.
Proof. Additivity for exact sequences follows from the shape of the formula. Suppose 
This function is obtained as a polynomial with coefficients which are rational linear combinations of the various Chern classes of the intersections of the filtrations, see §7.3. The same may be said of the Chern character of parabolic bundles over (Y, D ) once filtrations are fixed. Use Proposition 8.7 to decompose the space W (E, {F j i }) into a finite union of Q-linear constructible subsets on which the filtrations of the pullback parabolic structure will be invariant. Over these subsets the Chern character of the pullback parabolic structures are again polynomials with coefficients in CH · (X) Q . On the other hand, by Lemma 2.8] , whenever the weights are rational we have that the Chern character of the pullback is the pullback of the Chern character. We therefore have two polynomials with CH · (X) Q coefficients which agree on the rational points of a certain Q-linear constructible set. It follows that the polynomial functions into CH · (X) R agree on the real points of the Q-linear constructible set. This proves compatibility of the Chern character for pullbacks of real parabolic bundles.
The proof for tensor products is similar, using the analogue of Proposition 8.7.
Variants
In this section we consider a variant of the notion of parabolic structures for the case of a divisor with multiple points, and also a variant of the construction of parabolic bundle associated to a logarithmic connection, concerning the case of unipotent monodromy at infinity. In both cases, we will restrict to the case when X is a smooth projective surface. 9.1. Parabolic structures at multiple points. Let X be a nonsingular projective surface. Let D ⊂ X be a divisor such that D = ∪ m i=1 D i and D i are smooth and irreducible curves. Let P = {P 1 , . . . , P r } be a set of points. Assume that the points P j are crossing points of D i , and that they are general multiple points, that is through a crossing point P j we have divisors D 1 , . . . , D k which are pairwise transverse. Assume that D has normal crossings outside of the set of points P .
Let π : X −→ X be the blow-up of X at P and E be the exceptional divisor on X ; note that E is a sum of disjoint exceptional components E j over the points P j respectively.
We will define a notion of exceptionally constant parabolic structure on (X, D, P ). The term "exceptionally constant" means that the parabolic structure pulls back to one which is constant along the exceptional divisors. Following notation of Mochizuki [Mo2] we fix an origin for the filtrations which is a multi-index c. This may be important in the present case since the structures might differ for different values of c. 
We define the Chern character of the exceptionally constant parabolic structure on X,
9.2. Parabolic bundles associated to unipotent monodromy at infinity. Recall that one can associate a parabolic bundle to a logarithmic connection with rational residues, in a canonical way, such that the weights correspond to the eigenvalues of the residues (see [Iy-Si] or §10 below). In this section, we point out that one can do something substantially different, in the case of nilpotent residues. Suppose (E, ∇) is a logarithmic connection on X, with singularities along a normal-crossings divisor D = D 1 + . . . + D m , such that the residue η i of ∇ are nilpotent, for each i = 1, ..., m. In other words, (E, ∇) is the Deligne extension of a flat bundle with unipotent monodromy at infinity.
In this case, we still have some different natural filtrations along divisor components, but the eigenvalues of the residue are zero so there is no canonical choice of weights. Instead, define some characteristic numbers by arbitrarily assigning weights to these filtrations. Assume that X is a surface here, so that the resulting parabolic structures will automatically be locally abelian. It seems to be an interesting question to determine when the locally abelian condition holds for these kinds of filtrations in the case of dimension ≥ 3.
Consider the Image filtration on the restriction E D i of E to a divisor component:
• η i (j-times) and l i + 1 is the order of η i .
Alternatively, we can consider the Kernel filtration induced by the kernels of the operator η i : write
Mixing these two filtrations gives rise to the monodromy weight filtration {W l } defined by Deligne [De3] . This is an increasing filtration
uniquely determined by the conditions:
Explicitly, the filtration is defined by induction as follows: let
has already been defined in such a way that
and W l , W 2l i −l−1 to be the corresponding inverse images. Notice that
(W 2l i −l−1 ) ⊂ W l , so that the induction hypothesis is satisfied.
Lemma 9.2. Suppose X is a surface. Consider the Image or the Kernel or the monodromy weight filtrations considered above, on the restrictions E D i of E to the divisor components. We can associate a locally abelian parabolic bundle on (X, D) with respect to (E U , ∇ U ) together with either of these filtrations by assigning aribitrary weights.
Proof. By Lemma 2.3, the parabolic structure defined by the filtrations is automatically locally abelian.
9.3. Examples arising from families. Suppose π : X −→ S is a semi-stable family of projective varieties such that π U : X U −→ U is a smooth morphism, for some open subvariety U ⊂ S and D := S − U is a normal crossing divisor. Let d be the relative dimension of X −→ S.
In this situation, the Gauss-Manin bundles
, are equipped with a logarithmic flat connection. Furthermore, the local monodromies are unipotent and H l is the Deligne extension of the restriction H l U (see [St] ). Let η i be the residue transformations along the divisor components D i . Unipotency of the monodromy operators implies nilpotency of η i and the order of nilpotency is at most l + 1 (see [La] ). In particular, the length of the Image and the Kernel filtrations in the previous subsection is at most l + 1 and the monodromy weight filtration is of length at most 2l + 1. We make an explicit computation of the Chern character of the associated locally abelian parabolic bundle in the following case: Suppose S is a surface and X −→ S is a semi-stable family of abelian varieties. We consider the Gauss-Manin system H 1 of weight one on S. For simplicity assume that D is a smooth irreducible divisor. Then the residue transformation η has order of nilpotency two and in this case the monodromy weight filtration is written as
Here W 1 = kernel(η) and W 0 = image(η). The graded pieces
carry a polarized pure Hodge structure of weight m (see [Sc] ). Also, the graded piece of weight two is isomorphic to the piece of weight zero, by the monodromy operator N (in [Sc] , N polarizes the mixed Hodge structures).
By Lemma 9.2, we can associate a locally abelian parabolic bundle F on S corresponding to {W . }, with arbitrary weights (α 0 , α 1 , α 2 ) with −1 < α 0 < α 1 < α 2 ≤ 0.
Lemma 9.3. Suppose X −→ S is a semi-stable family of abelian varieties of genus g. Let g i denote the rank of gr i for i = 0, 1, 2, thus g = g 0 + g 1 + g 2 and g 0 = g 2 . With notations as above, assigning weights (α 0 , α 1 , α 2 ), the Chern character of the locally abelian parabolic bundle F is given by the formula
In other words it is Chow-equivalent to a direct sum of parabolic line bundles.
Proof. Let k : D → X denote the inclusion. Suppose A is a rank r bundle along D whose Chern character is r ∈ CH 0 (D) Q . Then, the sheaf k * (A) on X has Chern character given by a Riemann-Roch formula. This formula depends only on the Chern character of A on D, in particular it is r times the value for the case A = O D . In that case we can use the exact sequence 0
to conclude that the Chern character of k * (A) is r(1 − e −D ).
Turn now to the situation of the lemma. By [vdG] or , we have ch(F ) = g ∈ CH 0 (S) Q and similarly for ch(gr 1 ) which corresponds to a family of abelian varieties along D, we get ch(gr 1 ) = g 1 ∈ CH 0 (D) Q .
Clearly, ch(gr 0 ) = g 0 ∈ CH 0 (D) Q , thus ch(gr 2 ) = g 2 ∈ CH 0 (D) Q by the isomorphism between the weight two and weight zero piece given by the monodromy operator. Plugging these into the formula (14) of §7.4 and using the previous paragraph for the Chern characters of k * (A) we get the formula
Simplifying with g = g 0 + g 1 + g 2 gives the stated formula.
Extended Reznikov theory for finite order monodromy at infinity
Suppose U is a nonsingular variety defined over the complex numbers. Consider a nonsingular compactification X of U such that D := X − U is a normal crossing divisor. Suppose (E U , ∇ U ) is a bundle with a flat connection on U . Consider the canonical extension (E, ∇) of (E U , ∇ U ) on X (see [De] ). Here ∇ is a logarithmic connection on E, i.e.,
is a C-linear map and satisfies the Leibnitz rule. Flatness implies that ∇ • ∇ = 0.
Consider the sequence induced by the Poincaré residue map
This induces an operator
called the residue transformation along the divisor component D i and η i ∈ End(E D i ).
Definition 10.1. We say that (E, ∇) has rational residues if the eigenvalues of the residue transformations η i above are rational numbers.
This is equivalent to saying that the local monodromy transformations around the divisor components D i of D are quasi-unipotent.
If α i are the rational residues then [De] e 2πiα i = eigenvalues of the local monodromy.
Suppose the residues of (E, ∇) are non-zero and rational. In Lemma 3 .3], a locally abelian parabolic bundle E on (X, D) was associated to (E, ∇). In fact, E was associated to the flat connection (E U , ∇ U ) on U and the constituent bundles were defined, using a construction due to Deligne-Manin. If we choose the extension (E, ∇) on X such that the rational residues lie in the interval [0, 1) then the weights are precisely the negatives of the rational residues. In other words, if 0 ≤ −α 10.1. Residues are rational and semisimple. Suppose that the residues are rational and furthermore on the associated-graded of the parabolic structure, the residue of the connection induces a semisimple operator. In this case, the monodromy transformations of the corresponding local system are semisimple with eigenvalues which are roots of unity, thus they are of finite order. If n denotes a common denominator for the rational residues of the connection (and hence for the corresponding parabolic weights) then the monodromy transformations have order n. This implies that the connection extends to a flat connection on the DM-stack Z := X . Conversely any flat connection on the DM-stack Z gives rise to a connection on U with semisimple and rational residues.
The locally abelian parabolic bundle on X corresponds to the vector bundle on Z underlying the flat bundle as extended over Z. Indeed, when the monodromy transformations have order n, the monodromy around the divisor at infinity in Z is trivial, and in this case the Deligne canonical extension is the vector bundle underlying the extended flat bundle. By [Iy-Si] the Deligne canonical extension over Z is the vector bundle corresponding to the parabolic bundle on X.
10.2.
Reznikov's theory in the case of rational semisimple residues. The theory of secondary characteristic classes works equally well on the DM-stack Z. In particular, we can define the rational Deligne cohomology .
The products are taken with the product structure of Deligne cohomology which is compatible with the intersection product in Chow groups .
Corollary 10.3. Suppose F is a locally abelian parabolic bundle on X with n as common denominator for the rational weights, corresponding to a vector bundle E on Z. Then ch D (F ) as given by the above formula (18), pulls back to ch D (E) on Z via the isomorphism of Lemma 10.2.
Proof. By Theorem 5.8 this is the case for the Chern character in Chow groups, and we have the compatibility of the isomorphism of Lemma 10.2 with the projection (17). Now, go back to the situation where (E U , ∇ U ) is a flat bundle on U with rational and semisimple residues. It extends to a flat bundle (E, ∇) on Z and also the local system L U on U extends to a local system L on Z.
Consider a Kawamata cover (see [Kaw] Proof. Either of Reznikov's proofs of [Re] work equally well over the DM-stack Z. Alternatively, we can reduce to the utilisation of [Re] on the finite cover Combining with our formula of Theorem 5.8 we obtain a formula for an element of the Deligne cohomology over the compactification X of U which vanishes by Reznikov's theorem.
Corollary 10.5. Suppose (E U , ∇ U ) is a flat bundle on U with rational and semisimple residues, or equivalently the monodromy transformations at infinity are of finite order. Let Proof. This follows from Corollary 10.3 and Proposition 10.4.
